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I 
Recently, R. Bellman introduced the following new kind of functional 
equation (see [l]) 
ma [Pf(x o<y<x + Y> + (1 - P)f(x - r)l = fk> + g(P) (4 
where x > 0 and + < p < 1 and f and g are real valued functions. 
This functional equation of novel type arises in a dynamic programming 
treatment of information and communication. This equation is a part of a 
general investigation of inverse problems in dynamic programming and the 
calculus of variation [2-51. Similar types of functional inequalities are the 
subject of some recent articles [Cll]. 
It was shown in [l] that the differentiable solution of A is essentially the 
log x if the maximum is obtained inside the interval and if, moreover, the 
maximizing value, y  = y(x, p), is itself a differentiable function of x, and if f 
is independent of p. 
In this paper we shall consider the more general functional equation 
sup [Pf (x + Y> + (1 - P)f (x - Y)l = f (4 + g(P), O<y<s (1) 
where x > 0 and + < p < 1, f and g are real functions defined in the intervals 
(0, 03) and (4, l), respectively. 
The main result of this paper is that the general continuous solution of (1) 
is monotone in (0, co). We shall give the general decreasing solution and the 
general increasing solution under some additional conditions. 
We shall need the following two definitions. Let f: (a, b) -+ R be a not 
necessarily univalued function. We shall say that f is increasing if for every 
* This work was supported in part by the National Research Council of Canada 
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yi and yz such that yi of and ys of yi < ya whenever xi < xs . Let 
f: (a, b) ---f R be an increasing but not necessarily univalued function. We 
shall say that f is continuous if for every C such that 
there exists an x,, such that a < x,, < b and C of. (We assume that f  is 
not constant.) 
2 
First we shall consider the case when g = 0 in the interval (4, 1). (It is 
evident that g can not be negative for any such a p.) If f satisfies the Eq. (1) 
with g = 0, then it has to satisfy the inequality 
pf(x+r)+U -P)f(x-Y)Gf(X) (2) 
forO<y<x,wherex>Oand$<p<l. 
We shall prove the following theorem. 
THEOREM 1. I f  g sz 0 for 3 < p < 1, then a function f  satisjies the Eq. (1) 
if and only if it is decreasing and concave. 
Proof. Let us fix x and y such that 0 < y < x. If p tends to 1, we obtain 
f(X +Y) Gff(4 (3) 
for 0 < y < x; from which it follows that f  is decreasing in the interval 
(0, co). It is obvious that lim,,+,f(x) < +-co. Let xi and xa be arbitrary 
positive numbers such that xi < x2 . If we choose 
x -  xl + x2 x2 - Xl 
2 
and Y= 2 
we get that 
PfW + (1 - P>fW Gf ( x1 ; X2 ) 
for 9 < p < 1. Ifp tends to + + 0 we obtain that 
f(%> ;f(x,) <f (3 ; "2)) 
i.e., f (x) is Jensen-concave function in (0, co). As f  is bounded in the interval 
(0, x), where x is an arbitrary but fixed positive number, we get that f  is 
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continuous on the interval (0, x) and from that it follows that f is concave in 
(0, 00). 
Conversely, let f be a decreasing and concave function in (0, CO). 
It is enough to show that f satisfies the relation 
P[f (x + Y) - f(41 G (1 - PI [f(4 - f @ - Al (5) 
forx>OandO<~<zcandfor$<p<l. 
From the relations (3) and (4) we get that 
f(x + y) -f(x) d f (4 - f @ - Y> G 03 
which proves our theorem. 
We shall need the following propositions. 
PROPOSITION 1. If f  satisjes the Eq. (I), then f + A satisjies it with the 
same g, where A is an arbitrary constant. 
PROPOSITION 2. I f  f  satis$es the Eq. (1) then cf satisles it with cg, where c 
is an arbitrary nonnegative constant. 
3 
In the following we assume that g is positive for at least onep. The following 
results can be proved. 
PROPOSITION 3. If  a function f  has a finite limit at +O, then f  can not 
satisfy the Eq. (1) with a not identically zero g. 
PROPOSITION 4. I f  f  satisfies the Eq. (1) with a g having a positive value for 
at least one p in the interval (B, l), then for every x > 0 
Proof. If there would be some x0 positive such that 
then for this x0 
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thus, 
sup l-Pf(% + Y) + (1 - $)f(% - Y)l 0.G y -: .Yo 
can not be equal to f(xO) + g(p), if g(p) is positive for some p. 
PROPOSITION 5. If  a continuous function f  satis$es the Eq. (1) with a g 
having a positive value for at least one p in the interval (4, I) then 
sup j-(x) < +co. 
O<x<l 
We shall prove now the following. 
PROPOSITION 6. If  f  is a continuous solution of the Eq. (1) with a g being 
positive for at least one p in the interval (Q, I), then g(l - 0) exists and the 
following relation holds: 
Al - 0) = ,$$z,f (x + Y) - f  lx)* (6) 
Proof. Let x be a fixed positive number, then the relation 
(1 -p)f(x-Yr,)+Pf(x+Y,),<g(P)+f(x) 
G (1 -PI ,;;VXf (x -Y) + P og=p + Y> 
(7) 
is valid for every y0 such that 0 < y0 < x. 
We shall distinguish two cases: 
(a) oyyTsf (x + y) = f  (x + x’) and 0 ,< x’ < x. 
. . 
Let us choose y,, to be x’ in the relation (7), and if p tends to 1 we get that 
lim,,,-,[g(p) + f  (x)] exists and 
Al - 0) = oF;&f (x + Y) - f(x) 
because from Proposition 5 it follows that f  is bounded from above in the 
interval (0, x), thus 
lim (1 -PI o:;p+f (x - Y) = 0, 
pj1-0 
(P> opy!$& f(x + Y) = f(W. 
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It is evident that 
li$;lPk(P) + fW1 cf(W. --f 
On the other hand, let E be an arbitrary positive number. Then for 42 we 
can find positive numbers S and p, such that 1 f(2x) - pf(x’)l < C/Z if 
1 2x - x’ 1 < S and 1 > p 3 p,, . Let us fix an x’ in the interval (2x - S, 2x), 
and let x’ = x + yO, then for ~12 we can find a p, such that 
I(1 - P)fb -h)l < 42 if 1 >P>P,, 
i.e. 
lp&fk(P) +“w ~f(W - E -a 
which proves this proposition. 
THEOREM 2. If  f  is an increasing and continuous solution of the Eq. (1) 
and if g is positive for some p in the interval (4, I), then f satisfies the functional, 
equation 
few =fW +fc4 -f(l) (8) 
for positive x. 
Proof. From Proposition 6 it follows that 
f  (24 - f  (4 = gV - Oh for x > 0, i.e., 
few -fW =f@) -f(l), 
which proves our Theorem. 
4 
Now we shall prove that the general continuous solution f  of the Eq. (1) 
is monotone in the interval (0, co). For this it is enough to prove the following: 
THEOREM 3. If a continuous function f  satisfies the Eq. (1) with a g having 
positive valuefor at least onep in the interval ($, I), then f  is increasing in (0, co). 
Proof. This theorem can be proved by the help of the following: 
LEMMA. If f  satisfies the Eq. (1) with a g h awing positive value for at least 
one p in (+, 1) and if moreover for every positive x there exists an x‘ such that 
x < x’ < 2x and f  (4 <f (4 
then f  is increasing. 
BELLMAN’S EQUATION 217 
Proof. It is enough to prove that for every positive x 
g!;&f(x + Y) =f(2x) (9) 
First let us assume that f is not constant in any interval. If the relation (9) 
were not valid, then there would exist positive x and x1 such that 
and 
0 < x < x1 < 2x, f(x) <f(%) >f(2x) 
gyzf (x + Y) = f(xd 
From the continuity off we get that there exists an E > 0 such that if 
x < x* ,( x + E, then 
&y&&f (x + Y) = ,yyy3*f(x* + Y), . . 
As 
‘!A1 - 0) = ,~yf&f(” + Y) - f (x)3 
it follows that f(x) is constant in the interval [x, x + E] which is a contra- 
diction. 
We proved the following stronger result. If f is not constant in any one- 
sided neighborhood of the point x, then 
g&f(x + Y) = f (2x). 
Let us assume now that f(x) is constant in the interval [x, x0], where 
x < x0 < 2x, and that interval is maximal with this property, then we have 
that 
&yT&f (x + Y) = f (2x) = g$?&f (x0 + Y) =f (2x,)* (10) 
It is easy to see thatf is not constant in any left-sided neighborhood of 2x 
and any right-sided neighborhood of 2x, . We have to show that f is constant 
in the interval [2x, 2x,]. 
Let 2x < P < 2x,, , then from the relation (10) we obtain thatf(%) <-((2x,). 
Now, let us assume that there is an ji; such that 2x < x” < 2x, and 
Since 
f(Z) <f(2xJ =f(2x). 
Al - 0) = gy&f (Z + Y) - f (2) = ,gg,f (2x + Y) - f (2x) 
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which is impossible because as we proved already 
o~yYJ(2x + y) = ., -& -~$&&(25 + 39, ” . 
and then obviously 
which is a contradiction. Thusf is constant in the interval [2x, 2x0], i.e., for 
every positive x, 
which proves our Lemma. 
It is impossible that for a positive x0 we should have 
for every positive x in the interval (0, x,,) because then f would be decreasing 
in this interval and then f would tend to a finite limit or + co as x tends to 
+O, which is impossible, according to Proposition 3 and Proposition 5. 
According to Proposition 4 for every positive x, there exists an x1 or xa 
such that 0 < x, < x < x2 < 2x and f(xi) >f(x) or f(xa) > f(x). Let us 
assume that there is a positive x,, such that 
We shall prove thatf is decreasing in the interval [x,/2, x,]. For this purpose, 
we must show that for every x such that 
Let us assume the contrary, i.e., let us assume that there is an x* such that 
+x* <x0 and (&yx*f(x* + Y) = f(Xl> > f(x*>. 
Let 
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Then since 
g(l - 0) = ,Fyyx*f(“* + Y) -Ax*) = 0~yy~2f(% + Y) - .f(%) 
we get that 
but this is impossible. Similarly one can show, that f  is decreasing in the 
interval [x0/4, x,/2], etc. Finally, we obtain that f  is decreasing in the interval 
(0, x0) which is a contradiction. 
5 
In this section we shall assume that f  is a continuous solution of the Eq. (1) 
with a g being positive for at least one p in (Q, 1). One can assume without the 
loss of generality that f( 1) = 0. In this case f satisfies the functional equation 
for positive x. 
Thus 
f&9 =fW +fa (11) 
where 
AP> =oy@f(l +r> + (1 -P)f(l -Y>l 
=PfV -tY(lPP)) + (1 -P)fO -Y(LPN 
(12) 
o~;$Pfu +r> + (1 -P)fU -r!l 
exists, because from Proposition 3 and Theorem 3 it follows that 
lim,,,,, f (x) = -co. It is easy to see that g is an increasing function of p. 
Now we shall show the following. 
PROPOSITION 7. 
2g($ + 0) =()qy,[f(l fY) +fu -Y)l 
Proof. Let 
max [f(l ty) +f(l -Y)l =fU +Yo) +f(l -Yol 
O<y<l 
Since 
g(p) >Pf(l +r,> + u -P)fU -Yo) 
(13) 
(14) 
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we get 
g(fr + 0) 2 (f(l + Yo) +f(l - YCJP = S,~;$fu +Y) -tf(l - Y)l. 
(15) 
On the other hand 
i?(P) = PfO +Y(LPN + (1 - P)fU - Y(LPN 
= (1 - PI [f(l + YUYP)) +fu - Y(LPNl + (2P - l>f(l + Y(l,P>> 
G (1 -PI oy$l[f(l -tY) +fu - Y)l + (2P - l>fU -tY(l,Pb 
Thus 
The relations (15) and (16) prove this proposition. 
COROLLARY. Since 
f(x) + g(i + 0) = a ()~;&[f(X + Y) + f(X - Y)l (17) 
we get that f  is concave if and only if g(+ + 0) = 0. 
PROPOSITION 8. I f f  is a continuous and strictly increasing solution of Eqs. (1) 
with a g having at least one positive value in (4, I), then y(l) p) is an increasing 
function of p. 
Proof. Denote by h,(p) = pf (1 + y) + (1 - p) f  (1 - y). It is enough to 
prove that if hV2(p,) < h&Q for 0 < yz < y1 < 1, then 
h,(PJ d hdP2)~ for$ <p, <p, < 1. 
Indeed, if h&J < h&Q, then 
P,[f (1 + Yd - f  (1 + YJI a u - PI) [ f  (1 - YJ - f  (1 - YIN, 
but then obviously 
P,[fU + Yd - f  (1 + YJI 3 (1 - PJ [ f  (1 - YJ -f (1 - Ydl, 
which proves our proposition. 
The functiong(p) is increasing, and now we shall prove that it is continuous. 
PROPOSITION 9. If  f  is a continuous solution of the Eq. (1) with a g having 
positive value for at least one p in (4, I), then g is continuous. 
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Proof. Let 1 > pa > p > 4 and let us fix an y,, such that y,, EY( 1, p,,). 
Then 
dPo> - g(p) 
3 PofU + Yo) + (1 - Po)f(l - Yo) - PfU + Yo) - (1 - P)f(l -Yo) 
which implies that g&J - g(p) + 0 as p + p,, and p < p, . On the other 
hand, let Q <p, <p < 1 and let y*(p) b e an arbitrary univalued function 
such that for every p in the interval (4, l), y*(p) E y( 1, p). Then 
g(p) -dP,) =PfU +YUYP)) + (1 -P)f(’ -Y(*!P)) -Pm +YY(l,PcJ) 
- (1 - PCl)f(l - Y(l, PO)) 
Since 
2 (P - P”)fU + Y*(P)) - (P - PJfU -Y*(P)). 
we have that 
&$P - Po) f(l + Y*(P)) = 0. 
Let 1 > p’ > p, , and set fi = max y( I, p’). Since y*(p) < fi if p < p’, 
thus 
;$jP - P0) f(l - Y*(P)) = 0. 
i.e., g(p,,) - g(p) + 0 as p + p, and p > p, which proves this proposition. 
6 
In this section we shall prove the following. 
THEOREM 4. If f is a continuous solution of the Eq. (1) with a g having 
positive value for at least one p in (4, 1) and ifg(i + 0) = 0 then 
f(x) = c log x + d, 
where c > 0, d are arbitrary constants. 
Proof. Without the loss of generality we may assume that f(1) = 0 and 
f (2) = 1. It was proved that f is concave if g($ + 0) = 0. First we shall prove 
that g(+) > 0. Indeed, 
and f  (9) > b because f  is concave. 
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From the condition of this Theorem it follows that D+f is decreasing, D+f 
is different from 0 and f is strictly increasing. 
Denote by 
h(Y) = Pf(X + Y> i (1 - P)fb - Y)* 
Then the functions 
and 
D+&(Y) = ?D+f (x + Y) - (I - P) D-f (x - Y) 
D%(Y) = PD-f (x + Y) - (1 - P) D+f(x - Y) 
are decreasing in the interval 0 < y  < x. 
We shall prove that if there exists a y,, such that 
Pf ‘(x + Yll) = ( 1 - P) f ‘(X - Yo) (18) 
where 0 < ys < x and if 0 $ y(x, p) then ye E y(x, p). Let us suppose the 
contrary, then y,, $ y(x, p) and there exists an yi such that y1 EY(X, p), and 
moreover, without the loss of generality we may assume that y0 < yr < x 
and y1 is minimal with this property. Let us choose ys in such a way that 
y0 < ys < yr and h, is differentiable at ya . In this case 
D+&(Y,) = D-MY,) = &‘(YJ. 
We have to distinguish two cases: 
(a) h,‘(y,) < 0, then D+h,(y,) = D-h,(y) < 0, from which we get 
that D,+h(y,) < 0 and D,-h(y,) < 0, which is a contradiction. 
(p) for every ya such that y,, < ya < yr and h, is differentiable at ys 
we have h,‘(y,) = 0. But then for every y  such that y0 < y  < ys h, is dif- 
ferentiable and h=‘(y) = 0, which implies that h, is constant in the interval 
[y,, , ya] and using the fact that h, is continuous we get that h,(y,) = h,(y,), 
which is a contradiction. 
Let x be a positive number such that f is differentiable at the point Q X. 
It can be seen easily that 6 x EY(X, 4). Indeed, on the one hand 
$f’(P x) = $ f ‘($ x); 
on the other hand, as g(g) > 0, we get that 0 $y(x, +), i.e., $ x E y(x, 8). 
Thus we get that 
g ($) +-f&q = 4-r ($) + -+f (F) =f ($) + Gf(4). (19) 
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Rearranging relation (19) we get that 
f(x) - f  (g) = $(4) - g ($ . (20) 
This last relation is valid for every positive x such thatf’(g x) exists. Using 
the fact that f is continuous we get that 
for every x > 0. 
f(x) -f ($) = const. (21) 
Putting x = 1 into (21) we obtain that 
f(l) -f(i) = tf(4) - g(t) = const. (22) 
From (21) it follows that f satisfies the relation 
f(g) =.fw l tf (3) (23) 
for every x > 0. Putting x = 8 into (23) one obtains 
f(S) = -f@* (24) 
Introducing the new variable 2x/5 = x’ one gets that f satisfies the relation 
for x’ > 0. 
f(p) =fW) +f@ (25) 
Similarly we get that 
f(2) = -m 
and the relation 
f&9 = f(x) + f(i) 
holds for every x > 0. Thus 
f(p) =fW +f@ =fW l tf(5) +ff(3 
i.e., the relation 
f(W =f(4 +f@) P-9 
holds for every x’ > 0. Next, we shall show that f also satisfies the relation 
fW =f@) +fw (27) 
for every x > 0. 
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Let us choose a positive number x such that f  is differentiable at the point 
Q X. Then we have the relation 
(28) 
which implies that g x EY(X, 3) since g(Q) is positive. Indeed, it was shown 
that g(g) > 0 and g(p) is increasing, thus 0 $ y(x, +). Then 
From relation (29) it follows that 
f(x) -f ($) = +f(5) - g ($ (30) 
and this last relation is valid for every positive x such that f’(g X) exists. 
Using the fact that f  is continuous we get that 
f(x) -f (5) = ;m - g ($) 
for every x > 0. 
Putting x = 1 into (31) we obtain that f  satisfies the relation 
f(4 -t f ($ = f ($) 
(31) 
(32) 
for every x > 0. Putting x = 3 into (32) we obtain that 
from which it follows easily that f  satisfies (27). 
Let us assume now that the relation 
f(3) = -fW 
f&4 = f(x) + f(i) (33) 
holds for x > 0 and for 1 < i < n, where n 3 5. Let us choose x in such a 
way that f’((2n/rr + 1) X) exists. Then we have the relation 
(34) 
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Since g(n/(n + 1)) > 0 if n > 5, we have that 0 $Y(x, n/(n + 1)). Thus 
and 
f(x) - f ($q,, = &f(n) - <F (*) (35) 
holds for every x > 0 such thatf’(fn/(n + 1) X) exists. From that it follows 
that f satisfies the relation 
f(@ + 11x1 =fW +f(n + 1) (36) 
for every x > 0 and every positive integer 71. From (36) we obtain, using the 
fact that f  is increasing that 
f(x) = c log x (37) 
where c > 0 (see [12]). 
Conversely, it was shown in [l] that c log x where c > 0 satisfies Eq. 1 
with 
7 
In the following we shall not suppose that 
THEOREM 5. Let f be a continuous solution of the Eq. 1 with a g having 
positive value for at least one p in (3, I), such that A = {x: f  ‘(x) # 0} meets 
[I, 21 in an everywhere dense set, moreover, let y(x, p) be a continuous function 
of p for every x > 0, then f  (x) = c log x + d where c > 0 and d are arbitrary 
real numbers. 
Proof. It is evident that 
&y$Jf@ + Y) + f  (x - Y)l < 2fW (38) 
Indeed, let x/2 < y  < X, then 
f(x+Y)+f(x-y)<f(x+y)+f(x-$)=.f(x+y)+f(x)-f(2) 
= f  (T) +f(x) < 2f (x). 
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Moreover, we have the relation 
g(P) + f(4 -G f@ + Y*) 
for every y* E y(x, p). Since 
(39) 
$gi!(P) + f(x)1 = few 
it follows, using the fact that f  is not constant in any left-sided neighborhood 
of 2x, that for every E > 0 there exists a 6 > 0 such that for every y  E y(x, p) 
we have y  > x - E if p > 1 - 6. Therefore, as y(x, p) is continuous in p, 
for every y  such that x/2 < y  < x there is a p, such that $ < p, < 1 and 
Y E Y(X, PO>. 
Let x be a positive number such thatf’(+ X) # 0. For y  = 3x/5 there is at 
least one p such that 4 < p < 1 and y  EY(X, p), i.e., 
max [Pf(x oszy<x + y) + (1 - P).f(x - r>l = Pf(i4 + (1 - P) f(t 4. 
Furthermore, as f  is differentiable at 2 x and 6 x, f  has to satisfy the relation 
l?f’ g) = (1 -p)f’ g) . (40) 
The Eq. (40) has one and only one solution in p, p = 9, therefore 
3x/5 E y(x, 9). 
From which, using the same reasoning as in the proof of Theorem 4, 
we get that f  satisfies the relation 
for every x > 0. 
f(5x) = f(x) + f(5) (41) 
Now let x be a positive number such that f’(2n/(n + 1) x) # 0, we get 
(n - I)/@ + 1) x EY(X, 4(n + I)). F rom which using the same considera- 
tion as in the proof of Theorem 4 we see that f  satisfies the relation 
fW = f(4 + f(n) (42) 
for every x > 0 for every positive integer n, which proves our Theorem. 
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